Abstract. For r jg 1 and large N, a well-known conjecture of Hardy and Littlewood implies that the number of primes p Ú N such that p + 2r is the least prime greater than p is asymptotic to f (á"oo7^) dx> where the Ar,k are certain constants. We describe a method for computing these constants. Related constants are given to 10D for r = 1(1)40, and some empirical evidence supporting the conjecture is mentioned.
Introduction.
Let r be a fixed positive integer and N a large integer. Hardy and Littlewood [4] conjectured that the number of primes p S N such that p + 2r is also prime is is the "twin-prime" constant, and q runs over the odd primes (this convention is adopted throughout). Conjecture (1) has been substantiated empirically and extended by several authors, e.g. [1] , [3] , [5] and [6] .
In this paper, we study the number QN{r) of primes p S N such that p + 2r is the first prime after p (so p + l,p + 2, •■• ,p + 2r -1 are composite). In Section 2, we use the principle of inclusion and exclusion to deduce from a conjecture of Hardy and Littlewood that (4) QÄr)~f(t-^rr)dx,
•>2 \k-i (log x) i where the constants A,ik are defined by (8) below. Previously, QN{r) seems to have been studied only for r S A, although the magnitude of the first prime p followed by 2t--1 consecutive composite numbers has been investigated (see [2] and the references given there).
In Section 3 we discuss the computation of the constants A,ik, and related constants B, k (see Eq. (12)) are given for r S 40 in Table 1 . Some empirical evidence for conjecture (4) is given in Section 4.
Derivation of the Conjecture.
If 0 < m, < m2 < •■• < m" Hardy and Littlewood [4] conjecture that the number of primes p S N such that p + 2m, is prime for / = 1, • • ■ , s is f" dx (1) is just the special case s = 1, m, = r of (5).) From the principle of inclusion and exclusion (see, e.g. [7] ),
QÁr) = Ei-1)' £ PNim" ■■■ ,m"r).
From (5), this gives the conjecture (4) if [10] and Mayoh [8] .
Thus, the computation of AT,k from (8) appears to be straightforward. However, the sum in (8) involves HZ\) terms, so the evaluation of ArA, ■ ■ ■ , AT%r in the obvious way requires the evaluation of 2r_1 terms Cim,, ■ ■ ■ , mk-,, r). We shall show how this may be reduced to the evaluation of 0{22r/3) terms.
It is easy to evaluate AT,k if the integer
0<mi<'-,<m(-i<r q < r + 1 can be evaluated, where wm,r(a) is the number of distinct residues of 0, m" ■ ■ ■ , mt_,, r modulo the odd prime q. By omitting all the terms with wm,,(3) = 3, and using symmetry if 3|r, we find that terms. An additional factor of 2 can be saved by symmetry if r is not divisible by 3.
It is interesting to note that 7V,* = 0 if k is so large that a cluster of k -1 primes cannot lie between two large primes p and p + 2r (see [9] ). Surprisingly, the least such k is not a monotonie function of r, for T,0,o 9e 0 and T"," = 0.
The constants /ir,t for 7-g 40 were found by computing the Tr,k as suggested above. Since the AT,k vary greatly in size, it is more convenient to work with (1 -Br,rz) ■ )), where z = Thus, the integrand in (4) is Ärlz2(l -Br 2z(-l/(log x). Table 1 gives the constants Brk, believed to be correctly rounded to 10D, for 1 S k S r S 40. Values which are omitted are zero. As a typical example, results for the interval (10\ 109) are given in Table 2 . For 7-= 1, 2, • -, 40, the table gives the actual number of gaps of length 2r, and the number predicted from (13) Cit^Qdx.
•I 10" Vlt = l (log x) I
In (106, 109), there are 50769035 gaps, and
f .' In dx log x -50770607.4. Table 2 shows that (13) predicts quite well the number of gaps of various lengths in (106, 109). Although the right sides of (1) and (4) are asymptotically equal, the higher terms in (4) are important for approximating Qnir). It is interesting to note that in (106, 109) there are less gaps (observed and predicted) for r -31 than for r = 32, although A3U, = 1.36 ■ • • > A.i2,, = 1.32 • ■ • . Thus, the higher terms in (13) are significant. Table 2 Actual and predicted gap distribution in ( 
